Using a smart fluid, for example, magnetorheological or electrorheological, in a hydrostatic bearing gives the possibility to actively change the bearing properties during operation. This work presents an analytical model to predict the load and stiffness of a planar hydrostatic bearing lubricated with a Bingham plastic fluid. The model is validated with the use of a numerical model that uses the Bingham-Papanastasiou regularization to achieve convergence. The model gives insight into the size of the operational range of the bearing and the load characteristic.
Introduction
Generally, when one is designing a bearing system, one is designing a geometry and choosing a proper lubricant such that the optimal performance is achieved (Stachowiak and Batchelor, 2014) . The geometry of the bearing causes local variations in fluid flow resistance and in lubricant transportation. Choosing different lubricants changes the amount of resistance and transportation of lubricant at a global level since the rheological behaviour of the lubricant changes in the whole bearing simultaneously.
Smart fluids add an extra design dimension by now adding the possibility of locally changing the rheological behaviour. The three main types of smart fluids are ferrofluids (FF), magnetorheological (MR) fluids and electrorheological (ER) fluids (Chiolerio and Quadrelli, 2017; Stanway, 2004 ). An FF is a fluid that is attracted to a magnetic field (Rosensweig, 1966) , and this behaviour causes an additional body force in the fluid giving rise to a load-carrying capacity (Lampaert et al., 2018a (Lampaert et al., , 2018b . MR and ER fluids are fluids that change their viscous behaviour in response to a magnetic or an electric field, respectively. These fluids behave as Bingham plastic, and they exhibit a yield stress of which the magnitude is dependent on the strength of the applied magnetic or electric field. This locally changes the effective viscosity, locally changing the resistance of the lubricant transportation. In addition, often these effects are accompanied by an attracting force between the fluid and the field, giving rise to an extra body force in the lubrication layer (Laghrabli et al., 2017a (Laghrabli et al., , 2017b . In general, it can be said that locally changing this rheological behaviour has similar effects as locally changing the geometry of the bearing van Ostayen, 2017a, 2017b) .
The additional advantage of using a smart fluid is that it can be used to modify the bearing properties in real time, making it possible to make an active bearing system (Bompos and Nikolakopoulos, 2016; Christidi-Loumpasefski et al., 2017; Wang et al., 2017) . Some orienting work on this concept shows some interesting experimental work on an active hydrostatic bearing (Guldbakke et al., 2009; Guldbakke and Hesselbach, 2006; Abel-Keilhack, 2002, 2003) . In Bo¨lter (1999) , Guldbakke et al. (2009) , Guldbakke and Hesselbach (2006) and Abel-Keilhack (2002, 2003) , a theoretical background was presented for this bearing concept, but no exact solution for calculating the load capacity of the bearing was provided. Similar work is done in Urreta et al. (2009) that demonstrates the difference in using an FF and an MR fluid in a journal bearing. It showed that the internal pressure generated in an FF subjected to a magnetic field is not strong enough to be relevant for use as an active lubricant in most journal bearing applications. The work of Becnel et al. (2012) showed that the magnetoviscous effect is still present at shear rates up to 25,000 s 21 , a value that is regularly observed in bearing system applications. However, Urreta et al. (2010) showed that the gain of using an MR fluid at high shear rates diminishes due to the large viscous stresses at higher speeds. A method to model the behaviour of a hydrostatic bearing using MR or ER fluid in an efficient way is to use lubrication theory and model the MR or ER fluids as a Bingham plastic fluid. Some early effort to achieve this was done by Wada et al. (1973a Wada et al. ( , 1973b in which a modified Reynolds equation was obtained by only making few additional simplifying assumptions. Tichy (1991) followed up on this work by deriving a Reynolds equation that was an 'exact' derivation (that is derived using the exact Bingham plastic fluid model), but this was only valid for a one-dimensional (1D) lubricating film approximation. The two-dimensional (2D) lubricating film was later covered by Dorier and Tichy (1992) using the Bingham-Papanastasiou (BP) approximation for a Bingham plastic fluid. The work of Bompos and Nikolakopoulos (2011) discusses the use of the bi-zone Bingham material model, and the work of Gertzos et al. (2008) discusses the use of the Herschel-Bulkley model in a three-dimensional (3D) computational fluid dynamics (CFD) simulation. The work of Nikolakopoulos and Papadopoulos (1998) , Vaz et al. (2017) , Wada et al. (1974) , Wada et al. (1973b) and Wang et al. (2017) discusses experimental work on bearings lubricated with a yield stress fluid. From the research presented in literature, it follows that it is possible to model the flow of smart fluids, but no proper thin film-based solutions were found to predict the load characteristics of active hydrostatic bearings.
The problem faced in modelling the behaviour of hydrostatic bearings lubricated with MR fluids is that computation times tend to be very time consuming. Simple simulations of the behaviour can easily take hours to compute. This is not convenient in the design of such a bearing. This is especially troublesome during optimization of the design since every call of the objective function is very demanding.
Therefore, this article presents a new thin filmbased, and therefore, numerically efficient model to predict the load and stiffness of a planar hydrostatic bearing lubricated with a Bingham plastic fluid. The work provides insight into the potential of using MR or ER fluids in an active hydrostatic bearing. The model furthermore helps to gain insight into how the flow pattern changes in response to changing yield stress due to the applied field. This work finds an experimental validation in the work of Lampaert and van Ostayen (in press).
Theoretical model
The derivation of the load capacity of the hydrostatic bearing lubricated with MR fluids starts by deriving the flow field in-between the two bearing faces, followed by integrating the flow field over the fly height of the bearing resulting in the flow rate through the bearing. The derivation assumes a constant recess pressure that makes it possible to calculate the bearing resistance by dividing the pressure gradient across the land by the flow rate. This makes the bearing resistance equal to the land resistance. The last step is to calculate the load capacity by integrating the pressure over the bearing surface. Figure 1 presents the bearing model used in this article. It consists of two static, axisymmetric bearing faces at which the only pressure gradient is assumed to be over the land area of the bearing; the recess area is assumed to be frictionless, and therefore, a zero pressure gradient is assumed there. A magnetic field may or may not be present to activate the MR fluid. The article refers to 'Newtonian fluid' when the fluid shows relatively low non-Newtonian effects. A Newtonian fluid model then accurately describes the behaviour.
Flow field
The derivation starts from the Cauchy momentum equation
Assuming a thin film, low Reynolds number, 1D flow with no body forces in the thin film below the bearing dam reduces this equation to
Here, it is assumed that the dam width is narrow compared to the recess radius. And thus, it can be assumed that there is a pure 1D flow across the dam of the bearing. This relation leads to the following shear stress over the height of the fluid profile
The relation demonstrates that the shear stress is high near the walls and zero in the middle of the profile. A Newtonian fluid would result in a parabolic flow profile based on this stress profile. The flow of a Bingham plastic fluid will be different in the sense that flow only occurs when the stress in the material exceeds the yield stress of the material (Ashour et al., 1996; Asma et al., 2016; Kumbhar et al., 2015; Zubieta et al., 2009 ). The material is assumed isotropic, which is not necessarily the case as shown by Dohmen et al. (2017a Dohmen et al. ( , 2017b .
The following relation describes this behaviour and demonstrates that only the amount of stress that is above the yield stress contributes to the realization of flow
From these equations, the location in the profile where the shear stress is equal to the yield stress can be derived. Equations (5) and (6) present the bottom and top location where the shear stress is equal to the yield stress, respectively. The flow is always in the same direction (out of the bearing), and therefore, the pressure gradient is always negative
In-between the location of z top and z bottom , the stress is not large enough to exceed the yield stress, and thus, solid material behaviour is the result in this region. Equation (7) calculates the height of this so-called plug by simply taking the difference between the two
Based on equation (7), a dimensionless number is defined (equation (8)), which describes the nature of the flow and which is equal to 0 when there is no plug present in the fluid and 1 if the plug covers the total distance between the two bearing surfaces
Using this dimensionless number (equation (8)), the top and bottom locations for the plug can be written as equation (9) Figure 1. Configuration A is a hydrostatic bearing that works by actively pumping lubricant in-between the two bearing faces to create a load-carrying capacity. The recess area has close to constant pressure since the flow has little resistance there; the land area shows a strong pressure gradient due to the high resistance caused by the small fly height h. Configuration B presents the same hydrostatic bearing geometry but now with magnets in the land area in which an MR lubricant is supplied in-between the two bearing faces to create a load-carrying capacity. The variation of the magnetic field results in a variation of the effective flow resistance across the land area.
Subtracting the yield stress from the total stress equation (5) presents the stress in the channel that in the end is available to cause flow. The following relation describes this for the region above and below the plug
And from this and equation (4), the velocity can be derived assuming a zero sliding velocity of both bearing surfaces
When the recess pressure is higher than the burst pressure, flow will occur. The part of the fluid that flows behaves as a Poiseuille flow, one-half of the flow profile is above the plug and the other part of the flow is below the plug. The plug flows along with the velocity equal to the maximum velocity of the Poiseuille profile.
Flow rate
The flow profile can be split into two regions with a parabolic shaped profile and one region with a plug flow shape. The two regions with a parabolic shape are symmetrical, and thus, only one has to be integrated to know the total flow rate of both combined. The flow rate of the parabolic flow part Q pois is calculated in the following way
The parameter L presents the circumference of the average outflow radius, which is equal to 2pr for the circular case presented in this article. The flow rate of the plug flow part is calculated in the following way
The total flow rate in-between the two surfaces can be calculated by now summing up the two flow rates
Bearing or land resistance
The resistance against flow of the bearing R l is calculated as the ratio of the recess pressure p r over the flow rate through the bearing Q b
where R ' is defined by
Load capacity
The load-carrying characteristic of a hydrostatic bearing is defined by the potential (pressure) divider presented in Figure 2 . A basic model of the hydrostatic bearing with MR fluid is derived by deriving a relation for the resistance of the bearing R b . From this potential divider, the recess pressure p r can be calculated using (equation (21))
Substituting equation (19) in relation equation (21) results in the following relation
For the system we are analysing, and assuming the pressure gradient across the (narrow) land area is constant, the flow parameter presented with equation (8) is a function of the recess pressure p r
Or, after substitution of equation (23) 
In order to determine the < n as a function of the supply pressure, yield stress and other parameters, the following cubic relation derived from equation (24) needs to be solved
This last relation is a cubic relation of which an analytic solution is derived by writing it in its standard form and calculating the following values
These values can be used to calculate the following solution
Only one of these solutions will be physically feasible. To investigate the nature of the solutions, the discriminant can be calculated in the following way
For convenience, equation (23) is used to write the formula in the following form
The value of < n can range between 0 and 1, and the recess pressure p r can never exceed the source pressure p s . This means that the first term of equation (29) is always negative and the second term of equation (29) can never be positive. From this, it can be said that discriminant D is always smaller than zero which practically means that there are three different real roots. Of these three real roots, only one will be physically feasible, and this root is used to calculate the load capacity of the system. The value of < n can be substituted back in relation equation (22) to calculate the recess pressure. The load-carrying capacity of the bearing can subsequently be calculated using the following equation
In this relation, the parameters A recess and A land present the surface area for the recess and the land defined in Figure 1 , respectively.
Method for validation
The static load characteristic of the bearing is calculated using both an analytical model and a numerical model using the parameter values presented in Table 1 . The analytical model is based on the theory presented in the previous chapter. In this article, we assume a uniform magnetic field such that a uniform yield stress is present throughout the fluid film. A full numerical simulation of the magnetic field, in order to determine the yield stress, is not necessary here but easily implemented if required (Bompos, 2015; Bompos and Nikolakopoulos, 2011, 2016; Moles, 2015; Urreta et al., 2010) . A numerical model of the bearing system is built using the COMSOL Multiphysics software package. The flow is modelled as an incompressible Stokes flow with the BP viscosity model to achieve convergence of the model (Putz et al., 2009; Smyrnaios and Tsamopoulos, 2001) (equation (31))
The regularization parameter m, which describes the smooth transition from solid to fluid in the BP model was chosen to be equal to 1. The resistance in the recess is assumed to be constant, and this assumption allows one to only model the land area of the bearing. Figure 3 presents the axisymmetric geometry used for the model. The left edge of the model has a pressure inlet p b and the right edge has a pressure outlet p 0 . The top and bottom edges are walls with a no-slip boundary condition. The inlet pressure is calculated by subtracting the pressure over the restrictor due to flow from the supply pressure p s , as described in equation (32). The flow at the outlet of the bearing defines the total flow through the system. Figure 4 presents an example of the mesh used in the computation. The simulation uses a triangular mesh with Lagrange elements of order two for the velocity and order one for the pressure (P2 + P1). The computation was terminated by either reaching a relative tolerance of 1e25 or a maximum number of iterations of 4000. Computation is done on an Intel Xeon CPU E5-1620 V3 @ 3.50GHz with 32GB or RAM Figure 10 presents results calculated using both the analytical approximation and the numerical 
Results

Discussion
The stress distribution from equation (3) and the flow field of equations (13)-(15) are presented in Figures 5  and 6 for different values of h, respectively. These different values of h correspond also with different values of < n as can be seen from the circles presented in Figure  9 . The figures show that for lower values of < n , the flow behaves more similar to a Newtonian flow and for higher values of < n , the flow behaves more like a plug flow. For intermediate values of < n , there is a plug present right in the middle of the flow. Figure 7 shows the flow parameter < n and the flow resistance of the land R l over the fly height of the bearing h for a constant supply pressure. For this situation, a linear relation between < n and h exists as expected from equation (23). The graph furthermore demonstrates that there is a one-to-one relation between h and R flow . The three solutions of equation (27) are visualized in Figure 8 that shows that only one solution satisfies the requirement of < n being between 0 and 1. This can be seen as the only physically correct solution. The physically correct solution of < n can now be used to calculate the bearing or land resistance. Figure 9 presents < n and the R b in function of h. It demonstrates that, in the situation for a hydrostatic bearing, there is not a linear relation between < n and h anymore, as is expected from equation (23). The main reason for this is that for this situation, both the p b and h are changing simultaneously (due to the use of a supply restrictor). Figure 7 . This graph presents the flow parameter < n and the land resistance R l over the fly height h for a constant pressure supply. (27). The results show that only solution 1 gives a physically correct solution since for that solution, < n stays between 0 and 1. Therefore, only h is changing in the situation of Figure 7 , whereas both the p b and h are changing simultaneously in the situation of Figure 9 . This has an effect that there is not a one-to-one relation anymore between < n and h, and also p b should be considered to find the right solution. Interesting to note also in Figure 9 is that the size of the plug is relatively large for both high and low values of h and small only for intermediate values of h.
The recess pressure as a function of the fly height calculated both with the analytical model and the numerical model is given in Figure 10 . The graph shows the two models are in good agreement up to a fly height of about 5 3 10 À3 m. Above this value, the height of the channel becomes larger than the length, and as a result, the thin film approximation is no longer valid. However, results are still presented to demonstrate the limits of the method. Interesting to note here are the differences in calculation time; the analytical model took a few seconds to solve, while the numerical model took almost 8 h. The analytical model shows to be far more effective to obtain a quick characteristic of the system. Figure 10 furthermore shows that the recess pressure at a low fly height is equal to the feeding pressure. This is explained by equations (21) and (33) that show that for a very high land resistance, the recess pressure becomes equal to the source pressure lim R l !' Figure 9 shows that for decreasing fly heights, the value of < n approaches the value 1.0 meaning that the size of the plug and the fly height come closer and closer to each other until the moment they are equal. In the limit case where they are equal, equation (34) shows that the land resistance goes to infinity
For higher fly heights, the recess pressure of Figure 10 decreases by either a 23 slope or a 21 slope. The slope steepness implies that that there is either a ;h À3 or a ;h À1 relation present. The 23 slope describes the situation where the yield stress of the fluid is set relatively low; the lubricant is close to a Newtonian fluid. This means that the flow value < n is close to 0, which can either mean that the pressure gradient is very high or the yield stress divided by the land width is very low. The limit case of land resistance in that situation converges to that one of the hydrostatic bearings lubricated with a Newtonian fluid as explained with (equation (35)
Substituting < n = 0 in equation (22) gives an equivalent result to equation (35) by providing the relation of a conventional hydrostatic bearing lubricated with a Newtonian fluid
By using a yield stress fluid, the 23 slope gradually transitions into a 21 slope for increasing fly heights. For very high values of the yield stress, the -3 slope even vanishes completely. Figure 9 shows that for increasing fly heights, the value of < n converges to 1.0 meaning that the size of the plug and the fly height come closer and closer to each other but never become equal. Becoming equal would result in an infinite resistance that would increase the pressure and so the pressure gradient in the bearing. This large pressure gradient would cause a lower value of < n and so a smaller plug in the flow. In region where < n is very close to 1.0, the pressure gradient is proportional to the yield stress divided by the fly height. This causes a situation where the recess pressure is proportional to the yield stress as explained in equation (37). This again is visible in Figure 10 < n = h p h = À 2t y h ∂p ∂x À1 '1
For an MR fluid, the yield stress of the fluid is about proportional to the magnetic field intensity. This has a result that the recess pressure is proportional to the magnetic field strength there. Relation equation (30) shows that the bearing characteristic is, apart from the fly height, also dependent on some other parameters like the surface area of the bearing. Since these dependencies are not significantly different from conventional hydrostatic bearing, it is left out of the discussion. Using electromagnets instead of permanent magnets generates the possibility to turn this bearing into an active bearing.
The results of this work demonstrate that changing the rheological behaviour of the lubricant significantly changes the bearing properties. For conventional systems, only the geometrical configuration changed to change the bearing properties. This work demonstrates the effect of introducing the extra design parameter of changing the rheological properties of the lubricant. This is something of which little is known, further research should be conduction to clarify the exact potential of this extra design parameter.
Conclusion
The work derives an exact analytical model for the load and stiffness of a hydrostatic bearing using a Bingham plastic fluid. A numerical model validates the analytical model and furthermore shows that the analytical model is much more time efficient. The model shows how the load characteristic is changing with changing yield stress in the fluid. The concept has a higher load capacity at high fly heights compared to a conventional hydrostatic bearing. The model demonstrates the potential of using an MR or ER fluid such that the yield stress is controllable. The article derives a nondimensional flow parameter that describes the nature of the flow in-between the bearing surfaces.
